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SOME FINITENESS CONDITIONS ON NORMALIZERS
OR CENTRALIZERS IN GROUPS
GUSTAVO A. FERNA´NDEZ-ALCOBER, LEIRE LEGARRETA,
ANTONIO TORTORA, AND MARIA TOTA
Abstract. We consider the following two finiteness conditions on nor-
malizers and centralizers in a group G: (i) |NG(H) : H | < ∞ for every
H ⋪ G, and (ii) |CG(x) : 〈x〉| < ∞ for every 〈x〉 ⋪ G. We show that (i)
and (ii) are equivalent in the classes of locally finite groups and locally
nilpotent groups. In both cases, the groups satisfying these conditions
are a special kind of cyclic extensions of Dedekind groups. We also study
a variation of (i) and (ii), where the requirement of finiteness is replaced
with a bound. In this setting, we extend our analysis to the classes
of periodic locally graded groups and non-periodic groups. While the
two conditions are still equivalent in the former case, in the latter the
condition about normalizers is stronger than that about centralizers.
1. Introduction
Motivated by results of Q. Zhang and Gao [8] and X. Zhang and Guo [9],
we considered in [2] the finite p-groups G, where p is a prime, satisfying one
of the following three conditions for a given n: that |NG(H) : H| ≤ n for
every non-normal subgroup H of G, or that either |NG(〈x〉) : 〈x〉| ≤ n or
|CG(x) : 〈x〉| ≤ n for every non-normal cyclic subgroup 〈x〉 of G. In [1] we
also dealt with the last of these conditions with non-central elements instead
of elements generating a non-normal subgroup, in the case of general finite
groups.
Later, in [3] and [4], we extended our earlier work to the realm of infinite
groups. Following [3], we say that a group G is an FCI-group (FCI for ‘finite
centralizer index’) provided that
(1) |CG(x) : 〈x〉| <∞ for every 〈x〉 ⋪ G,
and if there exists n such that
(2) |CG(x) : 〈x〉| ≤ n for every 〈x〉 ⋪ G,
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then we call G a BCI-group (BCI for ‘bounded centralizer index’). Similarly,
we can require that
(3) |NG(H) : H| <∞ for every H ⋪ G,
and then we say that G is an FNI-group (FNI for ‘finite normalizer index’),
or the seemingly weaker condition that this only holds for non-normal cyclic
subgroups of G:
(4) |NG(〈x〉) : 〈x〉| <∞ for every 〈x〉 ⋪ G.
We can also ask for the existence of a uniform bound for the indices in (3)
and (4), thus getting the conditions that, for some positive integer n,
(5) |NG(H) : H| ≤ n for every H ⋪ G,
in which case we speak of BNI-groups (BNI for ‘bounded normalizer index’),
or that
(6) |NG(〈x〉) : 〈x〉| ≤ n for every 〈x〉 ⋪ G.
Of course, there are obvious connections between these conditions. Observe
that (3) implies (4), which is equivalent to (1); on the other hand, (5) implies
(6), which in turn implies (2).
All the conditions above hold in finite groups, so they can be considered
as finiteness conditions, and they are clearly hereditary for subgroups. Also,
(3) and (5) can be easily checked to be hereditary for quotients. However,
the rest of the conditions do not usually transfer to quotients. For example,
consider the generalized dihedral group G = Dih(A), where A is torsion-free
abelian of infinite 0-rank. Then G satisfies conditions (1), (2), (4), and (6),
but if N is the subgroup consisting of all fourth powers of elements of A,
then G/N ∼= Dih(A/N) does not satisfy any of them (see [3, Section 2] for
more details).
In [3] we considered infinite locally finite FCI-groups, whereas in [4] we
dealt with infinite locally nilpotent FCI-groups, and also with non-periodic
BCI-groups. In every case, the groups in question can be characterized as a
special type of cyclic extensions of certain Dedekind groups. Furthermore,
in [3], we proved that every locally graded periodic BCI-group is locally
finite, where the restriction to locally graded groups is imposed to avoid
the presence of Tarski monster groups (i.e. infinite simple p-groups, for p a
prime, all of whose proper non-trivial subgroups are of order p). Recall that
a group is locally graded if every non-trivial finitely generated subgroup has
a nontrivial finite image: for example, locally (soluble-by-finite) groups, as
well as residually finite groups, are locally graded.
The goal of this paper is to study the conditions about normalizers in
the same cases that we have considered for centralizers. For locally finite
groups, we will show that the conditions for normalizers and centralizers are
all equivalent (Theorem 2.4). As a consequence, we obtain the equivalence
between the BNI- and BCI-conditions for periodic locally graded groups
(Corollary 2.5). In the locally nilpotent case, it suffices to deal with non-
periodic groups. In this situation, we know that BCI-groups are abelian
[4, Corollary 4.4], and so the same holds for BNI-groups. Hence we only
consider the case of FNI-groups, and again we obtain that they are the same
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as FCI-groups (Theorem 3.4). Finally, contrary to the previous cases, non-
periodic BNI-groups are not the same as non-periodic BCI-groups (Theorem
3.5). On the other hand, condition (6) turns out to be equivalent to being a
BCI-group for the classes of periodic locally graded groups and non-periodic
groups. However, it is not clear to us whether this holds in all generality.
Most of our notation is standard and can be found in [7]. In particular, if
G is a periodic group, we write pi(G) for the set of prime divisors of the
orders of the elements of G; if G is also nilpotent and ϕ is an automorphism
of G, we denote by Gp the unique Sylow p-subgroup of G, and by ϕp the
restriction of ϕ to Gp. Finally, we write Zp for the ring of p-adic integers
and we denote by Z×p its group of units.
2. Locally finite groups
In this section we will prove the equivalence, in the realm of locally finite
groups, between the conditions for normalizers and centralizers described
in the introduction. A crucial role will be played by the determination of
infinite locally finite FCI-groups [3], which is in turn related to the analysis
of the centralizer of a power automorphism.
Recall that an automorphism of a group G is said to be a power automor-
phism if it sends every element x ∈ G to a power of x. Power automorphisms
form an abelian subgroup of AutG. According to a result of Robinson [6,
Lemma 4.1.2] (see also [4, Section 2]), every power automorphism ϕ of an
abelian p-group A can be written in the form a 7→ at for all a ∈ A and for
some t ∈ Z×p . We then say that t is an exponent for ϕ; following [4], we
write expϕ = t. Observe, however, that expϕ is only uniquely determined
if the group A is of infinite exponent.
We require the following result, which is Lemma 3.2, part (i), of [3].
Lemma 2.1. Let A be an abelian p-group, where p is a prime, and let ϕ be
a power automorphism of A of finite order m > 1. If m divides p− 1, then
CA(ϕ
k) = 1 for every k ∈ {1, . . . ,m− 1}.
For the reader’s convenience, we also provide the characterization of infi-
nite locally finite FCI-groups (see [3, Theorem 4.4 and Remark 4.7]).
Theorem 2.2. A non-Dedekind group G is an infinite locally finite FCI-
group if and only G = 〈g,D〉, where D is an infinite periodic Dedekind group
with D2 of finite rank, and g acts on D as a power automorphism ϕ of order
m > 1 such that |G : D| = m and
∏
p∈pi0∪pi1
|Dp| <∞,
where
pi0 = {p ∈ pi(D) | o(ϕp) < m},
and
pi1 = {p ∈ pi(D) | o(ϕp) = m, p > 2 and p 6≡ 1(mod m)}.
Furthermore, if D2 is infinite, then D2 is abelian, ϕ2 is the inversion auto-
morphism, and m = 2.
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Recall (see, for instance, [5, Section 5.1]) that the rank of an abelian p-
group is the dimension, as a vector space over the field with p elements, of
the subgroup formed by the elements of order at most p. If A is an abelian
group, the p-rank of A is defined as the rank of Ap, and the torsion-free
rank, or 0-rank, of A is the cardinality of a maximal independent subset
of elements of A of infinite order. These are denoted by rp(A) and r0(A),
respectively. The (Pru¨fer) rank of A is
r(A) = r0(A) + max
p
rp(A),
where p runs over all prime numbers. More generally, a group G is said to
have finite rank r = r(G) if every finitely generated subgroup of G can be
generated by r elements and r is the least such integer.
We know from [3, Corollary 4.5] that every locally finite FCI-group is a
BCI-group. Next we prove that actually every quotient of a locally finite
FCI-group is a BCI-group, and furthermore with a uniform bound. Note
that this can also be seen as a generalization, in the class of locally finite
groups, of Proposition 2.2 of [3], according to which every quotient of an
FCI-group by a finite normal subgroup is again an FCI-group.
Proposition 2.3. Let G be a locally finite FCI-group. Then there exists
n ≥ 1 depending only on G such that, whenever N ⊳ G and 〈xN〉 ⋪ G/N ,
we have |CG/N (xN)| ≤ n. In particular, G/N is a BCI-group for every
normal subgroup N of G.
Proof. We may assume that G is infinite and non-Dedekind. Then G =
〈g,D〉, as in Theorem 2.2, and we use the notation therein throughout the
proof. If D2 is finite, let A be the Hall 2
′-subgroup of D and let B = D2;
otherwise, put A = D and B = 1. In any case we have D = A × B with
A ≤ Z(D) and B finite. We write G for G/N , and we denote by ϕ and ϕp
the automorphisms induced by ϕ on A and Ap, respectively.
Since every element of D generates a normal subgroup of G, in order to
prove the theorem we consider an arbitrary element x ∈ G r D, in which
case we show that
(7) |CG(x)| ≤ mM
∏
p∈(pi0∪pi1)r{2}
|Dp|,
where M = |D2| or 2
r(D2), according as D2 is finite or infinite. Let us write
x = gkd, with k ∈ {1, . . . ,m− 1} and d ∈ D. Then
|CG(x)| ≤ |G : A| |CA(x)| ≤ m |B| |CA(ϕ
k)| = m |B|
∏
p∈pi(A)
|CAp(ϕ
k)|.
Now if p ∈ (pi0 ∪ pi1)r {2} then |CAp(ϕ
k)| ≤ |Dp| <∞. On the other hand,
if p = 2 and A2 is non-trivial then D2 is infinite abelian, ϕ2 is the inversion
automorphism and m = 2. Hence |CA2(ϕ)| ≤ 2
r(D2).
Thus (7) will be proved once we see that CDp(ϕ
k) is trivial for p 6∈ pi0 ∪
pi1∪{2}. Assume that Dp 6= 1. Since o(ϕp) = m divides p−1, if we see that
also o(ϕp) = m, then the result follows from Lemma 2.1. Assume by way of
contradiction that the order of ϕp, say k, is smaller than m. If t = expϕ
k
p
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then t 6≡ 1 (mod p); otherwise ϕkp fixes all elements of order p in Dp, in
contrast with Lemma 2.1. Then for every d ∈ Dp we have ϕ
k
p(d) = dn for
some n ∈ N , and on the other hand, ϕkp(d) = d
t. Consequently, n = d t−1 is
a generator of 〈d〉 and d ∈ N . Hence Dp = 1, which is a contradiction. 
We are now ready to prove the main result of this section.
Theorem 2.4. Let G be a locally finite group. Then all the following con-
ditions are equivalent:
(i) G is an FNI-group.
(ii) G is an FCI-group.
(iii) G is a BNI-group.
(iv) G is a BCI-group.
(v) G satisfies condition (4).
(vi) G satisfies condition (6).
Proof. Since locally finite FCI-groups are known to be BCI-groups, it readily
follows that we only need to prove that every locally finite BCI-group G is
a BNI-group. We may assume that G is infinite and non-Dedekind. Then
Theorem 2.2 applies, and we write G = 〈g,D〉 and m = |G : D| > 1, as in
that theorem. Let H be a non-normal subgroup of G, and observe that H
is not contained in D, since every subgroup of D is normal in G. We have
|NG(H) : H| = |NG(H)D : HD||ND(H) : H ∩D| ≤ m|ND(H) : H ∩D|,
and consequently it suffices to prove that |ND(H) : H ∩D| is finite and can
be bounded as H runs over all non-normal subgroups of G. Since G/D is
cyclic, we can write H = 〈h,H ∩D〉 for some h ∈ H rD.
Now observe that an element x ∈ G lies in NG(H) if and only if [x, h] ∈ H,
since H ∩D ⊳G. It follows that
ND(H) = {d ∈ D | [d, h] ∈ H ∩D},
and then in the quotient group G = G/(H ∩D) we have
ND(H) = CD(h).
Thus |ND(H) : H∩D| = |CD(h)|. Now, since G is a locally finite FCI-group
and 〈h〉 ⋪ G, it follows from Proposition 2.3 that |CG(h)| ≤ n, for some n
which depends only on the group G. This proves the result. 
Since periodic locally graded BCI-groups are locally finite [3, Theorem
5.3], we have the following corollary of Theorem 2.4.
Corollary 2.5. Let G be a periodic locally graded group. Then the following
conditions are equivalent:
(i) G is a BNI-group.
(ii) G is a BCI-group.
(iii) G satisfies condition (6).
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3. Non-periodic groups
We start this section by considering infinite locally nilpotent FNI- and
BNI-groups. By Theorem 2.4, we only need to deal with non-periodic
groups. On the other hand, we know from [4, Corollary 4.4] that in this
situation BCI-groups are abelian, and so the same holds for BNI-groups.
Hence it suffices to study the case of FNI-groups. To this purpose, we recall
the characterization of non-periodic locally nilpotent FCI-groups which we
obtained in [4, Theorem 3.7].
Theorem 3.1. A non-periodic group G is a locally nilpotent FCI-group if
and only if either G is abelian or G = 〈g〉⋉D, where g is of infinite order, D
is a Dedekind group which is the product of finitely many p-groups of finite
rank, and g acts on D as a power automorphism ϕ satisfying the following
conditions:
(i) If D2 is non-abelian, ϕ2 is the identity automorphism.
(ii) If p > 2 then expϕp ≡ 1 (mod p), and expϕp 6= 1 if Dp is infinite.
(iii) If p = 2 and D2 is infinite, then expϕ2 6= 1,−1.
Remark 3.2. In the previous statement, an expression like expϕ 6= t does
not mean that t is not a exponent for ϕ, but rather that we can choose an
exponent for ϕ which is different from t.
Next we give a generalization of Proposition 2.2 of [3] in the class of locally
nilpotent groups, as we did in Proposition 2.3 for locally finite groups.
Proposition 3.3. Let G be a locally nilpotent FCI-group, and let N be a
normal subgroup of G. Then G/N is an FCI-group.
Proof. We may assume that G is non-periodic and non-abelian. Then we
can write G = 〈g〉 ⋉D, as in Theorem 3.1, and we use the notation in the
statement of that theorem. Also, we use the bar notation in the quotient
G/N .
Suppose first that N is not contained in D. We claim that G is finite in
this case. The quotient G/D is infinite cyclic, and so it is clear that G/D
is finite. Hence it suffices to see that Dp is finite for every p ∈ pi(D), since
pi(D) is finite.
Let us fix p ∈ pi(D) and assume by way of contradiction that Dp is infinite.
Since Dp is of finite rank, it follows that Dp, and so also Dp, is of infinite
exponent. As a consequence, tp = expϕp is a uniquely determined element
in Zp. By (ii) and (iii) of Theorem 3.1, we have tp ≡ 1 (mod p) and tp 6= 1 if
p > 2 and t2 6= 1,−1 if p = 2. In any case, tp is an element of infinite order
in the multiplicative group Z×p . Now consider an element x = g
kd ∈ N with
k ≥ 1 and d ∈ D. Since D is a Dedekind group and Dp is abelian if p = 2
by (i) and (iii) of Theorem 3.1, it follows that Dp ≤ Z(D) in any case. Thus
d acts trivially on Dp, and consequently
1 = D
x−1
p = D
ϕkp−1
p = D
tkp−1
p .
SinceDp is of infinite exponent, it follows that t
k
p−1 is divisible by arbitrarily
high powers of p, and consequently tkp − 1 = 0. Thus tp is of finite order in
Z×p , and this contradiction proves the claim.
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Now suppose that N is contained in D. Put N =
∏
p∈pi(D) Np, where
Np ≤ Dp is the Sylow p-subgroup of N . We have G = 〈g〉 ⋉ D, with g
of infinite order and Dp ∼= Dp/Np. Now if ϕp is the automorphism of Dp
induced by conjugation by g, then we can choose expϕp equal to expϕp
for every p ∈ pi(D). As a consequence, G fulfills all conditions which are
required in Theorem 3.1 to conclude that it is an FCI-group. 
Now an argument which is similar to that of Theorem 2.4, with Proposi-
tion 3.3 playing the role of Proposition 2.3, yields that non-periodic locally
nilpotent FNI-groups are the same as FCI-groups. Thus we have the follow-
ing result.
Theorem 3.4. Let G be a non-periodic locally nilpotent group. Then the
following conditions are equivalent:
(i) G is an FNI-group.
(ii) G is an FCI-group.
(iii) G satisfies condition (4).
We finish by considering non-periodic groups in general which satisfy one
of the conditions for normalizers with bounds, i.e. that are either BNI-groups
or satisfy (6).
Theorem 3.5. Let G be a non-periodic group. Then the following hold:
(i) G is a BNI-group if and only if either G is abelian or G = 〈g,A〉,
where A is a non-periodic abelian group of finite 0-rank and finite
2-rank, and g is an element of order at most 4 such that g2 ∈ A
and ag = a−1 for all a ∈ A.
(ii) G satisfies (6) if and only if G is a BCI-group.
Proof. (i) Let us first assume that G is a BNI-group. Then G is also a BCI-
group, and then, by Theorem 4.3 of [4], G is either abelian or of the form
G = 〈g,A〉, where A is a non-periodic abelian group of finite 2-rank, and
g is an element of order at most 4 such that g2 ∈ A and ag = a−1 for all
a ∈ A. Thus we only need to prove that, in the latter case, A is also of finite
0-rank.
Arguing by contradiction, let us consider an infinite sequence {bn}n∈N of
linearly independent elements of infinite order inside A. Then B = 〈bn |
n ∈ N〉 is torsion-free. Let us put H = 〈g,B〉 and N = 〈g2〉. Since N is
contained in A, then N is normal in G and the quotient H/N is isomorphic
to the generalized dihedral group Dih(B) (i.e. the semidirect product of B
with a cyclic group of order 2 acting on B by inversion). Now, since B is
torsion-free of infinite 0-rank, there are quotients of Dih(B) which are not
BCI-groups: for example, if K is the subgroup consisting of all fourth powers
of elements of B, then Dih(B)/K ∼= Dih(B/K) is not a BCI-group, because
B/K is of infinite 2-rank (see [3, Section 2]). This is a contradiction, since
every section of G is a BNI-group (recall that the BNI-condition is hereditary
for subgroups and quotients), and consequently also a BCI-group.
Now we prove the converse. To this purpose, we consider a group G =
〈g,A〉 as in the statement of the theorem, and see that G is a BNI-group.
More precisely, if H is a non-normal subgroup of G, we are going to show
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that |NG(H) : H| ≤ 2
r0+r2 , where r0 and r2 are the 0-rank and the 2-rank
of A, respectively.
Since all subgroups of A are normal in G, it follows thatH is not contained
in A. Thus H = 〈h〉B, where h ∈ H rA and B = H ∩A. Since |G : A| = 2,
we have G = 〈h〉A. Then NG(H) = 〈h〉NA(H) and |NG(H) : H| = |NA(H) :
B|. Observe that, for a given a ∈ A, we have a ∈ NA(H) if and only if
[h, a] ∈ H, i.e. if and only if a2 ∈ B. As a consequence, NA(H)/B is an
elementary abelian 2-group.
Thus in order to prove that |NG(H) : H| ≤ 2
r0+r2 , it suffices to show that
the following holds: for any choice of elements a1, . . . , as ∈ NA(H) whose
images in NA(H)/B are linearly independent over F2, we have s ≤ r0 + r2.
If J = 〈a1, . . . , as〉, then J/(J ∩ B) is elementary abelian of order 2
s, and
consequently |J : J2| = 2s. Now, let us write J = K×T , where K is torsion-
free of rank r and T is the torsion subgroup of J . If U is the subgroup of
all elements of T of order at most 2, then we have
|J : J2| = |K : K2| |T : T 2| = 2r|U |,
since U is the kernel of the homomorphism sending every element of T to
its square. By the definition of 0-rank and 2-rank, we have r ≤ r0 and
|U | ≤ 2r2 . Thus |J : J2| ≤ 2r0+r2 , and consequently s ≤ r0 + r2, as desired.
(ii) We only need to prove that a non-abelian BCI-group G satisfies (6).
As above, we have G = 〈g〉A, where A is a non-periodic abelian group of
finite 2-rank, and g is an element of order at most 4 such that g2 ∈ A and
ag = a−1 for all a ∈ A. Let x ∈ G be such that 〈x〉 ⋪ G. Then x 6∈ A, and
we can write x = ga for some a ∈ A. Since x2 = g2, the order of x is either
2 or 4. Thus
|NG(〈x〉) : 〈x〉| = |NG(〈x〉) : CG(x)| |CG(x) : 〈x〉| ≤ 2 |CG(x) : 〈x〉|
is bounded, since G is a BCI-group. 
As already indicated in the proof of the previous theorem, according to
[4, Theorem 4.3], the structure of non-periodic BCI-groups is as described
in (i) above, but only requiring that the 2-rank of A should be finite. Hence
we need to impose the extra condition that also the 0-rank of A should be
finite for a non-periodic BCI-group to be a BNI-group. As a consequence,
groups satisfying (6) are not the same as BNI-groups, that is, imposing the
condition only on cyclic non-normal subgroups instead of all non-normal
subgroups is really weaker in the realm of non-periodic groups. Observe the
difference with the case of locally finite groups, where being a BNI-group,
being a BCI-group, and satisfying (6) were all equivalent conditions.
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